network flow—maximum flow

1、 定義：

(1) network：G=(V,E) be a directed graph with 2 distiguish vertices, s(the source) with indegree 0 , and t (the sink) with outdegree 0.

E中每一邊都有正的加權值c(e)：capacity of e=>此種graph稱為network

(2) flow

a flow is a function on edges of the network,滿足下列2條件：

· 
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經某一edge之流量(f)不可以超過它的容量(c)

· For all
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進入某一vertex的總流量等於離開(exiting)這節點的總流量。

2、 reducing bipartite matching to network flow

· 給予一bipartite graph G=(V,E,U)

做法：增加二個新的點s,t，將s連接到V中所有邊，U中所有邊連接到t，新修正graph為G’
· let M be a matching in G，在M及G’的flow之間有一自然對映，在M的所有edges皆設定其flow為1，s、t到M的所有Matched rertices 亦設flow為1，其他edges之flow皆被指派為0。因此total flow與matching的edges個數相等

· M是最大的Matching iif 其在G’相對應flow亦是最大流量
=>(1)如果flow 是最大，則其相對應的Matching不能有更多的Matching，因更多Matching相對應更大的流量。

  (2)如果M是最大的Matching，表示沒有alternating path，而augmenting path是alternating path的延伸，沒有alternating path即無augmenting path

    表示flow是最大
3、 augmenting path

由s到T的方向性路徑(directed path)，其邊(v,u)滿足下列二條件之一：

(1) forward edge：相同方向的邊，f(v,u)<c(v,u)，由於容量大於流量，因此forward edge has room for more flow，c(v,u)-f(v,u)被稱為slack of the edge。

(2) backward edge：在路徑中相反方向的邊，it’s possible to borrow some flow from a backward edge

如果存在augmenting path，表示f不是最大，因此我們可以修正流量：

· 如果路徑中所有邊都是forward edge，可以增加額外流量，增加部份卻好是the minimum slack of the edges in the path

· 如果路徑有backward edge，則由backward edge之流量減少，減少部份做為forward edge增加的流量。

4、 residual network

Given a flow network G=(V,E) and flow f
residual capacity of (u,v)：cf(u,v)=c(u,v)-f(u,v)
The residual network of G induced by f is :

Gf=(V,Ef), where Ef={(u,v)
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V×V: cf(u,v)>0}//由剩餘容量>0的邊組成

              |Ef|<=2|E|, 因 (u,v)
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E  or  (v,u)
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an augument path P is a simple path from s to t in the residual network Gf
cf(p)=min{cf(u,v)：(u,v) is on p}

residual capacity of p: the max of net flow that can be shipped along the edges of p.

五、Ford-Fulkerson(G,s,t)：O(VE2)
{

   for each edge(u,v)
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E[G]

        do f[u,v]( 0

          f[v,u] ( 0

   while (there exists a path p from s to t in residual network Gf)

     { cf(p)(min{cf(u,v)：(u,v) is in p}: // cf(p)：residual capacity of p，the max amount net 

flow that can be shipped along the edges of p

       for each edge(u,v) in p 
         do f[u,v] ( f[u,v]＋cf(p)
           f[v,u] (-f[u,v]
      }

}
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Residual network
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A n example of a network with a (nonmaximum) flow
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The result of augmenting the flow of Fig. 7.40.
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